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The low-frequency optical excitations of a monolayer graphene in a periodic magnetic field are calculated by
the gradient approximation. The original and extra band-edge states make the optical-absorption spectra exhibit
a lot of asymmetric prominent peaks, which, respectively, lead to the principal peaks and subpeaks. The two
kinds of peaks obey two different selection rules because their wave functions present different features. The
intensity, frequency, and number of the absorption peaks are related to the period, strength, direction of a
modulated magnetic field, and the electric polarization direction. The anisotropic absorption spectra are in-
duced by the different modulated directions and electric polarization directions. The above-mentioned results
could be verified by the optical measurements.
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I. INTRODUCTION

Recently, the few-layer graphenes have been produced by
the mechanical friction1,2 and thermal decomposition.3,4

They have attracted a lot of theoretical and experimental in-
vestigations on band structures,5–22 optical spectra,5,23–29

electronic excitations,30–33 phonon spectra,34 and transport
properties.35–42 It is very appropriate to use these systems to
study two-dimensional �2D� physical phenomena. A mono-
layer graphene is an exotic zero-gap semiconductor with a
vanishing density of states �DOS� at the Fermi level EF=0,
mainly owing to the hexagonal symmetry configuration. The
massless Dirac electrons have been inspected by using a
combination of optical microscopy, scanning electron and
atomic-force microscopies,2 and by the angle-resolved pho-
toelectron spectroscopy.43 The electronic properties of a
monolayer graphene could be effectively tuned by external
electric1,2 and magnetic fields.1,2,4,5,20,22,23,25,29 A uniform per-
pendicular magnetic field �B0� creates many Landau levels
�LLs� and thus induces the half-integer quantum Hall
effect.2,35 As to a periodic magnetic field, it could reveal
some interesting and different physical properties, e.g., the
anisotropy of low-energy electronic properties20 and the os-
cillatory magnetoconductance.44 In this work, we mainly
study the low-frequency optical excitations of a monolayer
graphene in a sinelike-modulated magnetic field �B�. Such a
field could be produced by the array of superconducting or
ferromagnetic stripes.45,46 The dependences on B �period and
strength; direction� and on the polarization of an electromag-
netic �EM� field are investigated. The comparison with the
absorption spectra resulting from B0 is also made.

A 2D monolayer graphene owns many doubly degenerate
parabolic bands except two nondegenerate linear bands inter-
secting at EF=0. Energy bands are isotropic at low energy
��0.5 eV� �Ref. 47� and so are the other physical
properties.5 Moreover, there is only one band-edge state in
each energy dispersion. Electronic properties are strongly af-
fected by the uniform and periodic magnetic fields. The low-
energy LLs due to B0 demonstrate the dependence on the

quantum number �n� and field strength �B0�; that is, their
energies obey the square-root form En���n�B0. The depen-
dence on B0 has been identified by the magneto-optical ex-
periments of cyclotron resonance.25 Compared to a uniform
magnetic field, the periodic magnetic field could induce more
rich magnetoelectronic structures.20 The low-energy elec-
tronic structures strongly depend on a periodic magnetic
field. The energy bands display partial flat bands at EF=0
and parabolic bands with weak dispersions at others. Each
parabolic band shows several band-edge states and compos-
ite behavior in-state degeneracy. The main features of mag-
netoelectronic properties are expected to be directly reflected
in optical excitations.

There are several studies on optical-absorption spectra of
a monolayer graphene. From the theoretical prediction, the
linear valence and conduction bands do not exhibit any ab-
sorption peaks at low frequency.5 This result is dominated by
the DOS. On the other hand, the low-energy LLs in a uni-
form magnetic field could lead to a number of prominent
symmetric absorption peaks.5 Each peak comes from the ver-
tical transition between the occupied LL of n �n+1� and the
unoccupied LL of n+1 �n�. The magneto-optical excitations
need to obey the specific selection rule ��n�=1, since the
magnetoelectronic wave functions ��n’s� own the spatial
symmetry configuration. �n is characterized by the Hermite
polynomial, as seen in a 2D electron gas. The optical selec-
tion rule has been verified by the far-infrared transmission
measurements.23 The wave functions deserve a closer inves-
tigation because they strongly affect the optical-absorption
spectra. For a uniform magnetic field, the wave functions
exhibit two subenvelope functions localized at two different
positions in each low-energy LL except that at EF=0 with
only one subenvelope function. As to a modulated magnetic
field, the wave functions at the original and extra band-edge
states show different features. The former displays similar
characteristics to those of LLs while the latter do not. The
localized property of two subenvelope functions is destroyed
at the latter, i.e., they overlap at the extra band-edge states.
The optical-absorption spectra are expected to be modified
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by such an overlap behavior, which implies that the optical
selection rule of the spatially modulated and uniform mag-
netic fields might be different. The characteristics of wave
functions in a modulated magnetic field will be investigated
thoroughly. Whether ��n�=1 is destroyed by a spatially
modulated magnetic field will be also examined in this work.

The Peierls tight-binding model, with the nearest-
neighbor atomic interactions, is used to calculate the
�-electronic structure of a monolayer graphene in a spatially
periodic magnetic field.20 To explain the selection rules of
optical excitations, the characteristics of magnetoelectronic
wave functions are analyzed in detail. The optical transition
elements are evaluated by the gradient approximation.5,48–50

This work shows that the magneto-optical-absorption spectra
present a lot of asymmetric pronounced peaks. Such peaks
result from the original and extra band-edge states of para-
bolic bands. Their characteristics are closely related to the
polarization direction and the strength, period, and direction
of B. There exist some important differences for the absorp-
tion spectra in the presence of B and B0. The predicted re-
sults could be examined by the optical-absorption spectros-
copy.

In Sec. II, the �-electronic wave functions in the presence
of a spatially modulated magnetic field are studied by the
Peierls tight-binding model. In Sec. III, the magnetoabsorp-
tion spectra are calculated at different polarization directions.
Meanwhile, the effects due to the field strength, period, and
direction are also discussed. Finally, concluding remarks are
presented in Sec. IV.

II. �-ELECTRONIC WAVE FUNCTIONS

A monolayer graphene is assumed to exist in a periodic
magnetic field B=B sin�Kx�ẑ along the armchair direction
�the x axis in Fig. 1�a��. The periodic length in a unit of the
lattice constant at B=0 �3b�� is lB=2� /K=3b�RB, where
b�=1.42 Å is the C–C bond length. There are 2RB a and 2RB
b atoms in a primitive unit cell. The magnetoelectronic struc-
ture formed by the 2pz orbitals is described by the 4RB tight-
binding functions. �amk� and �bmk� for m=1, 2 , . . . ,2RB are,
respectively, those associated with the periodical a and b
atoms. The �-electronic wave function is expressed as

��k
c,v� = �

m=1

2RB−1

�Ao
c,v�amk� + Bo

c,v�bmk�� + �
m=2

2RB

�Ae
c,v�amk�

+ Be
c,v�bmk�� , �1�

where o �e� represents an odd �even� integer. The super-
scripts c and v indicate the unoccupied conduction band and
occupied valence band, respectively. Ao

c,v �Bo
c,v� is the ampli-

tude of the tight-binding function due to the a �b� atoms with
odd indices. The Hamiltonian matrix in the subspace
spanned by the tight-binding functions is a 4RB�4RB band-
like Hermitian matrix. Only the nearest-neighbor atomic
hopping integrals �0�=2.56 eV� �Ref. 44� are taken into ac-
count. The magnetic field would induce an extra Peierls
phase between two nearest-neighbor atoms at Rm� and Rm.
Such a phase is defined as 2�

	0
	Rm�

Rm A ·dr, where A

=−B cos�Kx� /Kŷ is the vector potential, and 	0=h /e is the
flux quantum. To get the bandlike Hamiltonian matrix, the
4RB tight-binding functions are arranged as the following
sequence: 
�a1k� , �b2RBk� , �b1k� , �a2RBk� , �a2k� , �b2RB−1k� ,
�b2k� , �a2RB−1k� , . . . �aRB−1k� , �bRB+2k� , �bRB−1k� , �aRB+2k� ,
�aRBk� , �bRB+1k� , �bRBk� , �aRB+1k��. By the detailed calcula-
tions, the nonvanishing Hamiltonian matrix elements are

�bm�k�HB�amk� = �t1k�m� + t2k�m��
m�,m + t3k
m�,m−1. �2�

The three hopping integrals are, respectively,

t1k�m� = �0 exp��ikxb�/2 + iky
�3b�/2� + Gm� ,

t2k�m� = �0 exp��ikxb�/2 − iky
�3b�/2� − Gm� ,

and

t3k = �0 exp�− ikxb��

�Gm = − i�6�RB�2	/��cos���m − 5/6�/RB�sin��/6RB�� .

The similar equations could be obtained for the periodic
magnetic field along the zigzag direction.

The energy dispersions Ec,v�k , ñ�’s are obtained by diago-
nalizing the Hamiltonian, where ñ represents the subband

FIG. 1. �a� The primitive unit cell of a monolayer graphene in a
periodic magnetic field with a period RB=750 along the armchair
direction. �b� The energy bands for the field strength B=4 T.
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index measured from the Fermi level. The effects of a modu-
lated magnetic field on the low-frequency electronic and op-
tical properties will decrease as the energy increases. Thus
the discussion focuses on the lower-energy regime. The low-
energy bands are drastically changed by the modulated mag-
netic field, as shown in Fig. 1�b� at RB=750 and B=4 T
along the armchair direction. The unoccupied conduction
bands are symmetric to the occupied valence bands about
EF=0. The dependence of energy bands on kx is negligible
compared with that on ky. The ky-dependent energy bands
exhibit partial flat bands at EF=0 and parabolic bands at
others. Each parabolic band owns one original band-edge
state �ky

pp� and four extra band-edge states �ky
sp’s�. The former

is situated at the fixed wave vector ky
pp=2� /3�3b�, which is

the same with that in the B=0 case.20 However, the latter
depend on the period and strength of B. The parabolic bands
close to ky

pp and ky
sp’s are, respectively, doubly degenerate and

nondegenerate. The very weak energy dispersions near ky
pp

mean that a periodic magnetic field owns the ability in flock-
ing electronic states together, which is similar to LLs result-
ing from a uniform magnetic field. Such energy bands could
be regarded as the quasi-Landau levels �QLLs�, as indicated
from the characteristics of wave functions.

The main features of wave functions could be utilized to
define the quantum number of QLLs. Carbon atoms with odd
and even indices make equal contributions to wave func-
tions. The tight-binding functions associated with these at-
oms in Eq. �1� have the opposite amplitudes; that is, Ao

c,v

=−Ae
c,v and Bo

c,v=−Be
c,v. Only discussing the amplitudes Ao

c,v

and Bo
c,v is appropriate in understanding the wave functions.

We first see the wave function of the lowest unoccupied QLL
�ñ=1 or nc=0� at ky

pp. The position-dependent Ao
c and Bo

c, as
shown in Figs. 2�a� and 2�g� by the solid circles, mainly
come from the 2pz orbitals centered at one fourth �x1
=am /2RB=1 /4� and three fourths �x2=bm /2RB=3 /4� of a
primitive unit cell, respectively. The positions x1 and x2 cor-
respond to the maximum field strength. The wave function of
the lowest unoccupied QLL is similar to that of the highest
occupied QLL �nv=0 by the open circles in Figs. 2�a� and
2�g��. Their main difference lies in the interchange of the
localization positions of Ao

c,v and Bo
c,v. Such interchange

might include the sign change in the values. The distribution
width of the localization function �lB�, that is, the full width
at half maximum, is comparable to the magnetic length
��� /eB�, e.g., lB
200 Å at B=4 T. Also note that the two
LLs at EF=0 due to a uniform magnetic field could display
the similar characteristics.22

There are two important differences between the second
and first �lowest� unoccupied QLLs at ky

pp. The former, as
shown in Figs. 2�b� and 2�h�, is doubly degenerate. More-
over, it is composed of two tight-binding functions centered
at x1 and x2. Ao

c �Bo
c� has two subenvelope functions Ao

c�x1�
�Bo

c�x1�� and Ao
c�x2� �Bo

c�x2�� located at x1=1 /4 and x2=3 /4,
respectively. The oscillatory Ao

c�x1� �Bo
c�x2�� owns one zero

point, while the monotonic Ao
c�x2� �Bo

c�x1�� has no zero point.
Their contributions to wave functions are nearly comparable.
The number of zero point �n�, which stands for the spatial
symmetry of the carrier density, could be chosen to charac-
terize the wave functions. The effective quantum number

�nc� is defined by the larger number of zero point; that is,
nc=1 is chosen for the second unoccupied QLL. Such a
choice does not influence the specific selection rules of the
optical-absorption spectra. In addition, the twofold-
degenerate QLLs have similar wave functions; their differ-
ence is only the sign change in the subenvelope functions.
By the definition of nc, the first unoccupied QLL without
zero point is thus defined as the nc=0 state. The number of
zero point will become larger with the increase in state en-
ergy, i.e., nc also increases gradually as the unoccupied QLLs
are away from EF=0 �Figs. 2�a�–2�e� and 2�g�–2�k��. The ñth
unoccupied QLL owns two modes of subenvelope functions
with n= ñ−1 and n= ñ−2, respectively. That nc is just equal
to ñ−1 is very convenient in defining the unoccupied QLLs
�Fig. 1�b��. Furthermore, the second occupied QLL could
also reveal similar features to those in the second unoccupied
QLL, as shown in Figs. 2�f� and 2�l�. They have the same
effective quantum number �nv=nc=1� and localization posi-
tions. Their main difference is the same as that of nc=0 case.
The other ñth occupied and unoccupied QLLs also demon-
strate the similar behavior. Accordingly, it is reasonable only
to discuss the ñth unoccupied QLLs.

The monolayer graphene owns many low-energy disper-
sionless LLs in the presence of a uniform perpendicular mag-
netic field. The wave functions of LLs could be represented
by the linear combination of those from the harmonic
oscillator.7,46 After the well fitting, the ñth QLLs and LLs
show the similar characteristics, e.g., the same oscillatory
behavior, effective quantum number, and distribution width.
Such similarities imply that the wave functions of the former
could be approximately expressed as those of the latter.

FIG. 2. The wave functions contributed by the �a�–�f� Ao
c,v and

�g�–�l� Bo
c,v atoms with odd integer indices for original band-edge

states of the low-energy bands.
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Therefore, Ao
c,v and Bo

c,v of the ñth QLL in Eq. �1� are written
as

Ao
c,v � e�ikyy
0�x1�, Bo

c,v � e�ikyy
0�x2� for ñ = 1,

�3a�

Ao
c,v � e�ikyy�
nc,v�x1� � 
nc,v−1�x2�� ,

Bo
c,v � e�ikyy�
nc,v−1�x1� � 
nc,v�x2�� for ñ � 1. �3b�

The subenvelope function 
n�x� is the product of the
nth-order Hermite polynomial and Gaussian function.7,46

The wave functions would be strongly modified as the
wave vectors gradually move away from the original band-
edge state. The wave functions at the left- and right-side
wave vectors around ky

pp have the similar characteristics, and
thus only the former are discussed in the following part. For
example, Ao

c�x1� �Bo
c�x1�� and Ao

c�x2� �Bo
c�x2�� of the second

unoccupied QLL at k1 �indicated in Fig. 1�b�� are centered at,
respectively, x1=3 /10 and x2=7 /10, as shown in Figs. 3�a�
and 3�i�. They still maintain the same characteristics with
those at ky

pp, while the distance between them ��x1−x2�
=2 /5� is shorter than that ��x1−x2�=1 /2� at ky

pp. At ky =k2, the
doubly degenerate QLL is going to separate into two sub-
bands. x1
7 /20 and x2
13 /20 are so close that Ao

c�x1�
�Bo

c�x1�� and Ao
c�x2� �Bo

c�x2�� nearly overlap, as shown in
Figs. 3�b� and 3�j�. Besides, one of the tight-binding func-
tions has the opposite sign to that at k1, i.e., Ao

c �Bo
c� might

change its sign at some appropriate wave vectors. k3 and k4
are, respectively, the band-edge states �ky

sp�’s of the higher
and lower subbands. Their wave functions display the similar

behavior �Figs. 3�c� and 3�k�; 3�d� and 3�l��. The second
unoccupied QLL at k3 is divided into two nondegenerate
subbands, i.e., the 1� and 1� subbands. The subenvelope
functions of the 1� state, as shown in Figs. 3�c� and 3�k� by
the solid circles, exhibit more overlap behavior. It implies
that there would be strong overlap in the subenvelope func-
tions at ky

sp’s. Such a behavior would dominate the optical
excitation strength. The centered positions x1 and x2 are close
to half of a primitive unit cell, i.e., they correspond to the
nearly zero magnetic field strength. In other words, the car-
riers will move from the position of the maximum magnetic-
field strength to that of the minimum magnetic-field strength.
The 1� �the open circles in Figs. 3�c� and 3�k�� and 1�
subbands have the similar overlap behavior. However, Ao

c�x1�
�Bo

c�x1�� and Ao
c�x2� �Bo

c�x2�� of the former display the stron-
ger overlap than those of the latter. It results from the fact
that k3 is the extra band-edge state of the 1� subband but not
that of the 1� subband. Furthermore, the two states reveal
the different linear combinations of Ao

c�x1� �Bo
c�x1�� and

Ao
c�x2� �Bo

c�x2��. Ao
c �Bo

c� of the 1� and 1� states could be
roughly regarded as, respectively, the combination of

1�x1�−
0�x2� �
0�x1�+
1�x2�� and of 
1�x1�+
0�x2�
�
0�x1�−
1�x2��; that is, they might show the different spa-
tial symmetries. The wave functions of the extra band-edge
states have dissimilar characteristics to those of the original
band-edge state. Since the former exhibits the overlap behav-
ior, the localized feature of QLLs is thoroughly destroyed at
ky

sp’s. Such properties would be reflected on the optical-
absorption spectra. The wave functions of the 2� �2�� sub-
band �Figs. 3�g�, 3�h�, 3�o�, and 3�p�� also display similar
features as those of the 1� �1�� subband, i.e., the similar
localization positions, linear combination, and the overlap
behavior of the subenvelope functions. The other ñth � and
� subbands also present the similar characteristics. The
above-mentioned characteristics of wave functions could be
utilized to investigate the selection rules of the optical-
absorption spectra.

III. MAGNETO-OPTICAL-ABSORPTION SPECTRA

The main features of electronic properties can be directly
manifested by the optical excitations. When a monolayer
graphene is excited from the occupied valence to unoccupied
conduction bands �the inter-�-band excitation� by an electro-
magnetic field, there are only inter-�-band excitations at zero
temperature. The optical selection rules �kx=0 and �ky =0
due to the vertical transitions are mainly determined by the
zero momentum of photon. Based on Fermi’s golden rule,
the optical-absorption function is given by

A��� � �
c,v,ñ,ñ�

�
1stBZ

dk

�2��2���c�k, ñ�� Ê · P

me

��v�k, ñ����2

� Im� f�Ec�k, ñ�� − f�Ev�k, ñ���
Ec�k, ñ� − Ev�k, ñ�� − � − i�

� , �4�

where f�E�k , ñ�� is the Fermi-Dirac distribution function. Ê
is the unit vector of an electric polarization. The parallel and

FIG. 3. Same plots as Fig. 2 but shown for the second and third
conduction bands at different ky’s.
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perpendicular polarization directions Ê � x̂ and Ê� x̂ are
taken into account. The velocity matrix element Mcv

= ��c�k , ñ��Ê ·P /me��v�k , ñ��� is calculated from the gradi-
ent approximation. It is approximated by taking the gradient
of the Hamiltonian matrix element versus the wave vector kx
or ky. Similar approximations have been successful in study-
ing the optical properties of the carbon nanotubes,45 nan-
ographite ribbons,46 graphite,5 and graphite intercalation
compounds.47 Moreover, by substituting Eq. �1� into the ve-
locity matrix element, Mcv is expressed as

�
m,m�=1

2RB

��Ao
c + Ae

c�� � �Bo�
v + Be�

v � + �Bo
c + Be

c��

� �Ao�
v + Ae�

v ���k�amk�HB�bm�k� . �5�

The indices o �e� and o� �e�� are, respectively, the odd �even�
integers of m and m�. For convenience, the value of �Ao

c

+Ae
c��� �Bo�

v +Be�
v �+ �Bo

c +Be
c��� �Ao�

v +Ae�
v � is represented by

MAB
cv . The absolute values of �k�amk�HB�bm�k� for two polar-

ization directions are

Mx
cv = �b��0�cos��3b�ky/2 + Gm� − 1�� for Ê � x̂ , �6a�

My
cv = ��3b��0 sin��3b�ky/2 + Gm�� for Ê � x̂ . �6b�

The optical properties are closely related to the number
and strength of excitation channels. The joint density of
states �DJ� reflects the number of excitation channels. DJ is
defined by setting the velocity matrix element in Eq. �4� to
one. When the optical excitations come from the band-edge
states, DJ would exhibit the prominent peak structures. The
low-frequency DJ at B=0 has no special structures. It van-
ishes at �=0 and linearly grows with the increasing fre-
quency �not shown�.5 The low-energy 2D linear bands do not
induce any optical-absorption peaks. DJ is strongly affected
by the periodic magnetic field. Figure 4�a� shows DJ’s for
RB=750 and different field strengths along the armchair di-
rection. They display a lot of peak structures. The peak
height is enhanced with the increase in the field strength. The
peaks at �=0 mainly result from the excitation channel be-
tween the two QLLs at EF=0. The other peaks are dominated
by the excitation channels from the original band-edge and
extra band-edge states. The similar results for different RB’s
and the zigzag direction at B=4 T are also shown in Fig.
4�b�.

The optical-absorption spectrum quite differs from the
joint density of states after introducing the velocity matrix
element. The low-frequency spectral functions for RB=750 at

different B’s along the armchair direction with Ê � x̂ are
shown in Fig. 5�a�. The periodic magnetic field has a strong
effect on the spectral function. Each A��� exhibits rich
asymmetric peaks �in the square-root divergent form at �
→0�. These peaks could be further divided into the principal
peaks ��P�’s and the subpeaks ��S�’s according to the optical
excitations resulting from the original band-edge and extra
band-edge states, respectively. As the field strength rises, the
peak height and frequency of the principal peaks �subpeaks�
increase, and the peak number decreases. These results mean

that the ability in flocking electronic states together is en-
hanced as the field strength grows. What is worth mentioning
is that �S’s could be further classified into two subgroups
�S

a’s and �S
b’s because of the two kinds of subbands � and �.

�S
a’s and �S

b’s primarily come from the excitations of � ��� to
� ��� and � ��� to � ���, respectively. The peak heights of
the former are very low compared with those of the latter.
The zero velocity matrix elements between two QLLs at
EF=0 make A��� vanish at �=0. The optical excitation
channel caused by the two QLLs is forbidden.

In addition to the field strength, the optical-absorption
spectrum is also influenced by the modulated period. Figure
5�b� shows the optical spectra of B=4 T for different RB’s
along the armchair direction. The subpeaks �S

a’s ��S
b�’s

strongly depend on the period, i.e., they present different
peak heights and frequencies at different RB’s. Concerning
the case of principal peaks, their peak heights rise with the
increase in the period and their frequencies present the weak
dependence on RB. As the period grows, the electronic states
tend to flock together in QLLs and some states of the non-
degenerate subbands become QLLs. Moreover, the energy
dispersions of QLLs near ky

pp and the energy difference be-
tween two subbands near ky

sp’s are reduced. The changes in
energy bands could account for the dependence of optical-
absorption peaks on RB.

The low-energy optical-absorption spectra could exhibit
the anisotropic feature in the presence of a modulated mag-

(a)

D
J
(�
)

0

0.2

0.4

0.6
armchair; RB=750

B=2 T
B=4 T
B=6 T
B=8 T

(b) B=4 T

0.01 0.03 0.05 0.07 0.09

� (�0)

0

0.2

0.4

0.6

RB=550; armchair
RB=650; armchair
RB=750; armchair
RB=750; zigzag

FIG. 4. The optical joint density of states for a spatially modu-
lated magnetic field along the armchair direction at �a� RB=750 and
different B’s; �b� B=4 T and different RB’s. That along the zigzag
direction at B=4 T and RB=750 is also shown in �b�.
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netic field. A��� of RB=750 at B=4 T along the zigzag di-
rection is shown in Fig. 5�b� by the thin solid curve. �P1’s of
the two modulated directions own the same energy, while the
other �Pn’s do not �Fig. 5�b��. The peak height of each prin-
cipal peak from the zigzag direction is lower than that from
the armchair direction. As to the subpeaks, their peak heights
and frequencies are dissimilar to those from the armchair
direction. The above-mentioned differences directly reflect
the fact that the energy bands of the two modulated direc-
tions are anisotropic,20 and the ability in flocking electronic
states together for the armchair direction is stronger than that
for the zigzag direction at the same period and field strength.
These important differences imply that the low-frequency
optical-absorption spectra in a modulated magnetic field
could induce the anisotropic behavior. This result quite dif-
fers from those of a monolayer graphene in the absence of an
external field5 or in the presence of a uniform perpendicular
magnetic field.5

Besides the field strength, period, and direction of a
modulated magnetic field, the polarization direction of an
EM wave also affects the optical-absorption spectra. A���’s
of the perpendicular polarization direction reveal somewhat
different characteristics from those of the parallel polariza-
tion direction, especially in the subpeaks. Figure 6 shows

similar plots to Ê� x̂ as those of Ê � x̂ in Fig. 5. The principal
peaks which correspond to two polarization directions dis-
play similar features at the same RB’s and B’s, e.g., approxi-

mately the same absorption frequency, peak height, and peak
number. That is to say, �P’s show very weak dependence on
the electric polarization direction. However, the intensity of
subpeaks relies strongly on the polarization direction. As to

Ê� x̂, the subpeaks of �S
a’s are much stronger than those of

�S
b’s. The opposite is true for the Ê � x̂ case. Such an impor-

tant difference might be attributed to the characteristics of
the velocity matrix elements, which will be discussed in the
following paragraph.

The optical excitations of each low-energy absorption
peak could be clearly identified. For example, the transition
channels of the first four principal peaks resulting from the
original band-edge state denoted as �P1, . . ., and �P4 in Figs.
5 and 6 are indicated in Fig. 1�b�. Each prominent peak
comes from two different excitation channels. The first peak
�P1 is mainly due to the transition from the first occupied
QLL of nv=0 to the second unoccupied QLL of nc=1. Peaks
�P2, �P3, and �P4 correspond to the excitations of nv=1 to
nc=2, nv=2 to nc=3, and nv=3 to nc=4, respectively. Be-
cause of the symmetry between the conduction and valence
bands about the Fermi level, another kind of excitation chan-
nel, nv=n+1 to nc=n, exhibits the same optical-absorption
spectrum. As a result, the selection rule could be simply
represented by ��n�= �nc−nv�=1. It means that the two kinds
of transitions originating in QLLs, nv=n−1 to nc=n and nv

=n to nc=n−1 at ky
pp, lead to the nth principal peak with

frequency �Pn.
The subpeaks originating in the extra band-edge states

display more complex behavior. The excitation channels of
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FIG. 5. The optical-absorption spectra with the electric polariza-
tion parallel to the modulated direction. They are calculated for the
armchair direction at �a� RB=750 and different B’s; �b� B=4 T and
different RB’s. That for the zigzag direction is also evaluated at �b�
B=4 T and RB=750.
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0.01 0.03 0.05 0.07 0.09

� (�0)

0

0.01

0.02

RB=550; armchair
RB=650
RB=750
RB=750; zigzag

(b)

�P1

�P2 �P3

�P4

�S1
a

�S2
a

�S3
a

�S4
a

�S1
b

�S2
b

�S3
b

�S4
b
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the first eight subpeaks ��S1
a , . . ., and �S4

a ; �S1
b , . . ., and �S4

b in
Figs. 5 and 6� are shown in Fig. 1�b�. �S

a and �S
b could be

further divided into two classes in terms of the difference
between nc and nv. For example, the peak �S1

a is primarily
due to the transition from the first occupied QLL �the occu-
pied 1� subband� to the unoccupied 1� subband �the first
unoccupied QLL� at ky

sp,1�. ky
sp,n� �ky

sp,n�� is the band-edge
state of the nth � ��� subband. The peak �S3

a mainly comes
from the excitations of 1� to 2� �2� to 1�� at ky

sp,1� and
ky

sp,2� and the excitations of 1� to 2� �2� to 1�� at ky
sp,1� and

ky
sp,2�. The difference between nc and nv of �S1

a ��S3
a � is

��n�=1, and such a difference is also observed in the princi-
pal peaks. The transitions from 1� to 1� �1� to 1�� at ky

sp,1�

and ky
sp,1� and from 2� to 2� �2� to 2�� at ky

sp,2� and ky
sp,2�

lead to, respectively, the peaks �S2
a and �S4

a . nc and nv of the
peak �S2

a ��S4
a � own the same effective quantum number, i.e.,

��n�=0, which is very distinct from the selection rule of the
principal peaks. The excitation frequencies of n� to n� �n�
to �n+1��; n� to �n+1��� are identical to those of n� to n�
��n+1�� to n�; �n+1�� to n�� at the same band-edge state.
This is caused by the symmetry between the conduction and
valence bands about EF=0. It is worth noting that in the
low-energy spectra, the transition channels of n� to n� at
two band-edge states ky

sp,n� and ky
sp,n� �n� to �n+1�� at ky

sp,n�

and ky
sp,n+1�; n� to �n+1�� at ky

sp,n� and ky
sp,n+1�� have nearly

the same excitation frequencies. Therefore, the peaks corre-
sponding to these excitations are undistinguishable in Figs. 5
and 6. Furthermore, the transition channels of �S

a’s could be
divided into two classes. They are the excitations of � ��� to
� ��� subbands with ��n�=1 and ��n�=0 except for the first
peak �S1

a originating in the transition channel from the first
occupied QLL �the occupied 1� subband� to the unoccupied
1� subband �the first unoccupied QLL�.

�S
b’s also present similar behavior as that of �S

a’s. The
peak �S1

b is mainly due to the transition from the first occu-
pied QLL �the occupied 1� subband� to the unoccupied 1�
subband �the first unoccupied QLL� at ky

sp,1�. The excitation
of 1� to 1� at ky

sp,1� results in the peak �S2
b . The excitation

energy of 1� to 2� �2� to 1�� at ky
sp,1� almost equals that of

1� to 2� �2� to 1�� at ky
sp,2� and of 1� to 1� at ky

sp,1�. These
transition channels with approximately the same energy lead
to the peak �S3

b . The peak �S4
b comes from the excitations of

1� to 2� �2� to 1�� at ky
sp,1� and ky

sp,2� and from the excita-
tions of 2� to 2� at ky

sp,2�. �S
b’s are also simply classified into

two categories. They mainly originate in the transition chan-
nels from � to � �� to �� with ��n�=1 and ��n�=0 except for
the first peak �S1

b corresponding to the excitation of the first
occupied QLL �the occupied 1� subband� to the unoccupied
1� subband �the first unoccupied QLL�. The excitations of
the two subgroups �S

a’s and �S
b’s form all transition channels

with ��n�=1 and ��n�=0. That is to say, the selection rule of
subpeaks is characterized by ��n�=1 and ��n�=0. Such a rule
quite differs from that of principal peaks. The reason could
be ascribed to the overlap behavior of wave functions at the
extra band-edge states.

The velocity matrix element could govern the transition
channels of the optical-absorption spectra, i.e., the selection
rules might be determined by the characteristics of Mcv. In
Eq. �5�, Mcv is decided by the product of MAB

cv and

�k�amk�HB�bm�k�. MAB
cv depends on the effective quantum

number not on the polarization direction. The value of
�k�amk�HB�bm�k� �Eqs. �6a� and �6b��, on the other hand, is
strongly related to the polarization direction. In the case of
principal peaks, Ao,e

c,v�x1� �Ao,e
c,v�x2�� and Bo,e

c,v�x1� �Bo,e
c,v�x2�� of

the nth QLLs own the effective quantum number n−1 �n
−2� and n−2 �n−1�, respectively, as shown in Fig. 2. As for
the nth occupied and unoccupied QLLs, MAB

cv is proportional
to �
n−1�x1�+
n−2�x2��
n−2

� �x1�+
n−1
� �x2�� �by the defini-

tion of Eq. �3��. Its value vanishes because of the orthogo-
nality of 
n�x�. The optical excitations between the occupied
and unoccupied QLLs with the same effective quantum num-
ber at ky

pp are forbidden. Ao,e
c,v�x1� of the nth QLL �Ao,e

c,v�x2� of
the �n+1�th QLL� and Bo,e

c,v�x1� of the �n+1�th QLL �Bo,e
c,v�x2�

of the nth QLL� exhibit the same effective quantum number.
MAB

cv has a finite value between the nth occupied and �n
+1�th ��n−1�th� unoccupied QLLs. In addition, by the nu-
merical analysis, the absolute values of �k�amk�HB�bm�k� at
ky

pp for two polarization directions are almost equal. It indi-

cates that the principal peaks of Ê� x̂ and Ê � x̂ have nearly
the same peak height under ��n�=1. Concerning other ��n�
cases, all the values of Mcv for both polarization directions
disappeared due to the orthogonality of 
n�x�. The selection
rule is thus simply expressed as ��n�=1. This consequence is
same as that of the LLs originating in a uniform perpendicu-
lar magnetic field.7,23,25 That the main features of wave func-
tions at ky

pp resemble those of B0 is the most important rea-
son. However, there are certain important differences
between QLLs and LLs. The former shows the asymmetric
square-root peaks resulting from the one-dimensional �1D�
parabolic bands, while the latter owns the symmetric delta-
function-like peaks originating in the zero-dimensional �0D�
LLs. The peak height of QLLs is lower than that of LLs. The
fact that the ability in flocking electronic states together with
a uniform magnetic field is stronger than that with a modu-
lated magnetic field is the reason. As the modulated period
becomes sufficiently large, the peak frequency of QLLs is
weakly dependent on the modulated period. Furthermore, the
low-frequency optical-absorption spectra of QLLs could re-
veal the anisotropic features in the different modulated direc-
tions.

The velocity matrix elements at extra band-edge states
display different characteristics from those at ky

pp based on
the overlap behavior of wave functions. At ky

sp’s, Ao,e
c,v�x1�

�Bo,e
c,v�x1�� and Ao,e

c,v�x2� �Bo,e
c,v�x2�� have the partial overlap �Fig.

3�. Ao,e
c,v�x1� �Ao,e

c,v�x2�� and Bo,e
c,v�x1� �Bo,e

c,v�x2�� of the nth QLLs
own the effective quantum number n−1 �n−2� and n−2 �n
−1�, respectively. MAB

cv of ��n�=0 does not disappear because
of 
n−1�x1��
n−1

� �x2��0 and 
n−2�x1��
n−2
� �x2��0. Thus

the optical-absorption spectra present the subpeaks with
��n�=0. Obviously, such peaks are mainly owing to the over-
lap behavior of wave functions at extra band-edge states.
MAB

cv also has a finite value for ��n�=1 while it vanishes in
the ��n��0 and ��n��1 cases. In addition to the value of
MAB

cv that of �k�amk�HB�bm�k� also dominates the subpeak in-
tensity. It strongly depends on the polarization direction, i.e.,

the peak height of Ê � x̂ is very different from that of Ê� x̂.
Equations �6a� and �6b� are the absolute values of

�k�amk�HB�bm�k� for Ê � x̂ and Ê� x̂, respectively. By the nu-
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merical calculation, Mx
cv is much larger than My

cv �My
cv�0�

between the occupied � ��� to unoccupied � ��� states with
��n�=0 and ��n�=1. However, Mx

cv and My
cv display the op-

posite behavior for the transition channels from the occupied
� ��� to unoccupied � ��� states with ��n�=0 and ��n�=1.
The difference might be ascribed to the fact that Mx

cv and My
cv

are the sine and cosine functions, respectively. Mx
cv’s �My

cv�’s
of the excitation channels from � ��� to � ��� and from �
��� to � ��� at extra band-edge states have, respectively, the
maximum �minimum� and minimum �maximum� values.
That makes �S

a’s and �S
b’s exhibit different peak heights for

two polarization directions. The subpeaks could reflect the
anisotropic feature of the electric polarization direction,
while the opposite is true for the principal peaks.

The frequency of principal peaks in the optical-absorption
spectra deserves a closer investigation. The relation between
the frequencies of the first four principal peaks and the pe-
riod along the armchair direction is shown in Fig. 7�a�. En-
ergies of �P’s present very weak dependence on the period
as RB becomes large enough. However, �P’s strongly rely on
the field strength, i.e., their energies grow with the increase
in B, as shown in Fig. 7�b�. It is noted that the dimension of
the Hamiltonian matrix is determined by the period RB in our
calculations. It will take very long computer time in evalu-

ating the optical-absorption spectra for the large period. For-
tunately, as the modulated periods are sufficiently large, the
energy dispersions and wave functions of different periods
could display similar properties at a fixed field strength. That
is to say, for a larger period, e.g., RB�1000, the optical-
absorption spectra could be obtained by the electronic struc-
ture. As a result, the dependence on the period at the larger
periods could be evaluated by observing the low-frequency
energy bands, and it is the same as that at the smaller periods
as shown in Fig. 7�a�. As to the zigzag direction, �P’s exhibit
different frequencies from those of the armchair direction,
i.e., they have the anisotropic behavior in the modulated di-
rection. However, they display similar dependence of ener-
gies on the field strength and period �not shown in the zigzag
direction�. The predicted results could be verified by the op-
tical spectroscopy.23,25,29

IV. SUMMARY AND CONCLUSIONS

A monolayer graphene is assumed to exist in a periodic
magnetic field. The low-frequency optical-absorption spectra
are studied by the Peierls tight-binding model and gradient
approximation. The low-energy bands are drastically
changed by the modulated magnetic field. They display the
partial flat bands at EF=0 and parabolic bands at others.
Each parabolic band owns one original band-edge state and
four extra band-edge states. Such electronic states could in-
duce the asymmetric prominent peaks in the optical-
absorption spectra. The parabolic bands close to ky

pp and ky
sp’s

are, respectively, doubly degenerate and nondegenerate. The
former could be regarded as the quasi-Landau levels based
on the characteristics of wave functions. The latter are di-
vided into two different kinds of subbands, i.e., the � and �
subbands. Their wave functions display different features
from those of QLLs. Wave functions deserve a closer inves-
tigation because they strongly influence the optical proper-
ties. For a uniform magnetic field, the wave functions of
each LL are composed of two subenvelope functions local-
ized at two different positions except LL at EF=0 with only
one subenvelope function. As to a modulated magnetic field,
the wave functions show different features to those of a uni-
form magnetic field, and the optical-absorption spectra are
modified by such differences. That is to say, the optical se-
lection rule of a modulated magnetic field could be different
from that of a uniform magnetic field. The wave functions
associated with the carbon atoms a �b� of the first QLL have
one tight-binding function Ao,e

c,v�x1� �Bo,e
c,v�x2�� centered at x1

�x2�. The other QLLs exhibit two tight-binding functions
Ao,e

c,v�x1� �Bo,e
c,v�x1�� and Ao,e

c,v�x2� �Bo,e
c,v�x2�� situated at x1 and x2.

The two positions x1=1 /4 and x2=3 /4 correspond to the
maximum field strength. The wave functions of QLLs
present similar characteristics to those of LLs which result
from a uniform magnetic field, e.g., the same oscillatory be-
havior, effective quantum number, and distribution width.
However, the wave functions at ky

sp’s display different fea-
tures. The � and � subbands own the different spatial sym-
metries and their two tight-binding functions exhibit overlap
behavior. The different spatial symmetries and overlap be-
havior would induce the anisotropic features and extra exci-
tations in the optical-absorption spectra.
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FIG. 7. The optical-absorption frequencies from the original
band-edge state for a spatially modulated magnetic field along the
armchair direction. Their dependences on �a� the period and �b� the
field strength. The 1st, 2nd, 3rd, and 4th �P’s correspond to the
excitations of nv=0 to nc=1 �nv=1 to nc=0�, nv=1 to nc=2 �nv

=2 to nc=1�, nv=2 to nc=3 �nv=3 to nc=2�, and nv=3 to nc=4
�nv=4 to nc=3� at ky

pp, respectively.
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The optical-absorption spectra reveal plenty of prominent
asymmetric peaks. These peaks could be further divided into
the principal peaks �P’s and subpeaks �S’s, which mainly
come from the excitations of the original band-edge and ex-
tra band-edge states, respectively. The optical-absorption
spectra are strongly affected by the periodic magnetic field
and the polarization direction of an EM wave. The peak
height of principal peaks grows as the field strength and pe-
riod increase. The energy of each �P rises with the increase
in B, and it would be weakly dependent on the period as RB
becomes large enough. As to the subpeaks, �S’s could be
classified into two subgroups �S

a’s and �S
b’s because of the

two kinds of subbands � and �. They originate in the exci-
tations of � ��� to � ��� and � ��� to � ���, respectively.
Both of them strongly rely on the field strength and period.
Furthermore, the optical-absorption spectra could reveal the
anisotropic behavior in the modulated and polarization direc-
tions. The principal peaks of the armchair and zigzag direc-
tions exhibit somewhat different frequencies and the peak
height of the former is higher than that of the latter. How-
ever, they display weak dependence on the polarization di-
rection. Concerning the subpeaks, their peak heights and fre-
quencies present strong dependence on both the modulated
and polarization directions. Such anisotropy of the optical-
absorption spectra could reflect the anisotropic behavior of
energy bands along the two different modulated directions
and the different spatial symmetries of wave functions at the
extra band-edge states. �P’s and �s’s obey the different se-
lection rules. The former is simply represented by ��n�=1
and this result is the same with that of the LLs originating in
a uniform perpendicular magnetic field. The most important

reason is that the main features of wave functions at ky
pp

resemble those of B0. Nevertheless, the low-energy absorp-
tion spectra of QLLs and LLs still have some different char-
acteristics. The former show the asymmetric square-root
peaks because of the 1D parabolic bands, while the latter
own the delta-function-like peaks due to the 0D LLs. The
ability in flocking electronic states together with a uniform
magnetic field is stronger than that with a modulated
magnetic field, which leads to that of the peak heights of
LLs being higher than those of QLLs. The peak frequency
of QLLs is weakly dependent on the modulated period at
sufficient large RB’s. Moreover, the low-frequency optical-
absorption spectra of QLLs could exhibit the anisotropic fea-
tures in the different modulated directions. As to the sub-
peaks, �s’s display a different selection rule from that of
principal peaks, i.e., ��n�=1 and ��n�=0. Such an important
difference mainly comes from the overlap behavior of the
wave functions at ky

sp’s. The overlap behavior induces the
excitations with ��n�=0, which is forbidden in the principal
peaks. Besides, the subpeaks present the anisotropy in both
modulated and electric polarization directions. The selection
rule and anisotropic features of optical-absorption spectra
originating in a modulated magnetic field are very different
from those in a uniform perpendicular magnetic field or in
the absence of an external field. Such important differences
could be verified by the optical measurements.
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